A class of Riemannian manifolds is studied in this paper. The main conditions are 1) the injectivity is bounded away from 0; 2) a norm of the Riemannian curvature is bounded; 3) volume is bounded above; 4) the Ricci curvature is bounded above by a constant divided by square of the distance from a point. Note the last condition is scaling invariant. It is shown that there exists a sequence of such manifolds whose metric converges to a continuous metric on a manifold.
Introduction. Let C -C(H, A", V, n, i 0 ) be the set of n-dimensional Riemannian manifolds (M, g), s.t., (0.1) M is diffeomorphic to (2? 2 ,ί7o)? the standard Euclidean ball of radius 2, center = 0; (0.2) (M,g) has C°° curvature tensor in M; (0.3) for any x 6 M, the Ricci curvature at x \Ric(g)(x)\ < Hr~2, where r = dist(x,0); (0.4) the injectivity of (M,g) > i 0 > 0;
(0.5) / \Rm(g)\Ug<K;
(0.6) volume of (M,g) < V.
In the case when the condition (0.3) is replaced by \Ric(g)\ < H, and (0.6) is replaced by a diameter bound, a compactness property is proved by the first author in a more general setting. The purpose of this paper is to extend some of his results to the present situation where the bound om Ricci curvature of (M,g) blows up like r~2 at a point. As an application, we will discuss the compactness of orbifolds with a finite number of singularities. 24 
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The main result is: THEOREM 0.7. Let(M k ,g k ) e C, A; = 1,2,3,... . Then there exists a subsequence {again denoted by [M ki g k )) } # C°° manifold M f diffeomorphic to #2(0); and a C° metric g f on M ι s.t. g k -> g' in C°-norm on M' and the convergence is in C liOί -norm away from 0.
In Section 1 we study the geodesic balls centered at 0. A compactness estimate of the metric g will be derived. In Section 2, a small geodesic sphere is shown to have a small diameter. In Section 3, some L n / 2 -curvature pinching results are derived, which will be used in Section 4 to show the existence of harmonic coordinates. We will prove in Section 4 the above main result and a slightly different version.
In the definition of £, if (0.3) is replaced by a 1-sided condition
then the above compactness result should be modified as follows.
Denote the set of such Riemannian manifolds by C.
THEOREM 0.8. Let (M k ,g k ) e £', k = 1,2,3,... . Then there exists a subsequence of (M k ,g k ), which converges in C°-norm to a C°° manifold M ! with a C° metric g'.
1. In this section, we assume that for some H > 0, z 0 > 0, (M,g) is a Riemannian manifold diffeomorphic to B2 satisfying (1.1) Rιc(g) > -Hr-2 g; 9 -¥r 9kl -
We start out with the following estimate: Proof. The function is essentially the same as that given in [12] , p.5-6. For any piecewise C°° function φ of r with φ(p) -0, we have
Jo Jo
Take e = |, φ = p -r, and use -R τr < Hr 2 , we get Before we go any further, let us make some remarks regarding conditions (0.3) and (0.5). Let r > 0 be small. Define a new metric g r on M by g τ (x) = r~2g(τx).
REMARK.
(1.11) lϊ g satisfyes (0.3)', so does g τ .
(1.12) / \R(g r )\*dg τ = I \R{g)\* dg.
Therefore, by a scaling of this type if necessary, we can assume that g satisfies (0.3) and (0.5) with K < 1.
Once we have Proposition 1.10 we can control the L n / 2 norm of the Riemannian curvature tensor Rm(r) of g(r), the induced metric on 5(0, r). THEOREM 1.13. If (M,g) e C then for any p < ι f, there exist
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Proof. By Lemma 1.17 in [12] ,3C 5 = C 5 {H,ι 0 ,n) s.t. for p < *, d ζ ίr 9 From Proposition 1.10, there exists C = C(H,io,n) s.t.
' < c 3y /g{ P )
for r G ( §,/?), i e., y/g(r) is equivalent to y/g{p). Thus for some constant C 6 = C$(H,io,n) > 0, we have Integrating over 5^,(0), we get
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Taking p = ώ., we get (1.17) and the Gauss formula on 5, (1.20) \Rm(h(r p ))\ < C 10 .
Proof. Proposition 1.10 and Theorem 1.13 are sufficient for carrying through the argument in [12] . D 2. In this section, we show that the diameter of a small geodesic sphere is small. More precisely,
Proof. First observe that there exists a constant ,io,V,n)>0 s.t.
To prove (2.2), we normalize by scaling so that z 0 = 4. Let 7 be a minimal geodesic on the geodesic sphere SΊ(O). We show that there
Let a be any curve in the annulus i?3(0)\i?i_(0) s.t. for 0 < ti < h < ' < 1, α|[ίή^ +i] is a minimal geodesic in the annulus. The geodesic balls centered at 7(ί* ) with radius δ can be made mutually disjoint by choosing δ > 0 sufficiently small. Let N be the number of these balls. By Gromov's relative volume estimate [6] , the volume of each small bal is bounded from below by a constant C = C f (H) io, V,n). But the total volume of the mannifold M is bounded from above by V (cf. (0.6)). Hence TV < V/C. Since the induced metric g(rχ) and g{r 2 ) are equivalent (by Proposition 1.10), we can project α|[<i,ί t +i] into 5i(0), to get (2.2). Next, apply (2.2) to the metric g τ defined by g τ (x) = τ~2g{τx). By scaling properties, we get 4r diam(g(r)) < C-. D 3. Let (M,g) be in C. As before we use the geodesic polar coordinates at 0, i.e., n-l g = dr 2 
where g(r) = g(x,r) is the induced metric on the geodesic sphere S r (0). We will begin with the following estimate: We claim that there exists CΊ 5 = C\s{H,K,io,n) s.t. π Let Rm(r) be the scalar curvature free curvature tensor of g(r). We have the following proposition. where φk has been extended trivially to Γ(l, η), go is the flat metric on B\. In the Euclidean coordinates x = ( r 1 , , x n ), go = Sij. Next we solve the Dirichlet problem
on dT(l,η).
By Proposition 1.10, we can show (as in [14] ) 
There also exists a diffeomorphism φ k (l) for each pair of k and I : φ k (l) : T^l,/" 1 ) C R n -> F fc (/) sue/* that φ k {iYg k converges in C 1 '" norm to some C 1 '" metric g\ on Γ(1,Γ 1 ) C R n .
Proof. By rescaling, we can assume that g k satisfies
where e > 0 is given by Proposition 4.1. Therefore we have harmonic coordinates satisfying (a)-(f) of 4.1. Taking η = Z" 1 , by the Holder estimate (d), we have, for each / = 1,2, , a subsequence of (M k ,g k ), denoted by 9k(l), s.t g k (l) converges in the C 2 -norm on T k ( ) to a C liOC metric g\ on D(l). We can then take
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By passing to a subsequence if necessary, we can make 
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Consequently, as Therefore, from the zero pinching theorem of [12] , it follows that (-Ck(P)N),y p ) converges to a flat manifold DM in C 1 ' α -norm as p -> 0. Thus ί-C(/7, N),Xp) converges to (Djγ,eN) in C 1 ' α -norm.
The direct union of (D^^eiv) has to be (E/(0),e) where 0 is the isolated singular point, e is a unit vector in \BbbR n , and f/(0) is a simply connected flat manifold since -C(ρ,N) is the C 1}Oί limit of simply connected manifolds -C k (p,N). Hence t/(0) = 5(2) -{0}. Letting N -> oo have that ί-C(/),0),;rpJ converges to {5(2) -{0},e} in C 1 ' Λ -norm. It follows that g' can extend to a C° metric on M ; , diffeomorphic to B λ C M n . D REMARK. In the case (Mk,gk) G £ 7 , we use Proposition 3.5 directly in place of Proposition 4.1 and Theorem 4.2. This, combined with Theorem 4.3, proves Theorem (0.8).
REMARK. Let O be the set of compact orbifolds with finitely many singular points, satisfying (0.3)-(0.6). Let Γ be the group acting on these orbifolds. We can lift a neighbourhood of each singular point via Γ to B n . It then follows from Theorem (0.7) that O has the same compactness property.
